In this paper we present numerical solutions to the unsteady convective boundary layer flow of a viscous fluid at a vertical stretching surface with variable transport properties and thermal radiation. Both assisting and opposing buoyant flow situations are considered. Using a similarity transformation, the governing time-dependent partial differential equations are first transformed into coupled, non-linear ordinary differential equations with variable coefficients. Numerical solutions to these equations subject to appropriate boundary conditions are obtained by a second order finite difference scheme known as the Keller-Box method. The numerical results thus obtained are analyzed for the effects of the pertinent parameters namely, the unsteady parameter, the free convection parameter, the suction/injection parameter, the Prandtl number, the thermal conductivity parameter and the thermal radiation parameter on the flow and heat transfer characteristics. It is worth mentioning that the momentum and thermal boundary layer thicknesses decrease with an increase in the unsteady parameter.
Introduction
The study of two-dimensional boundary layer flow and heat transfer induced by continuous stretching and heated surfaces has acquired momentum due to its various applications in engineering/industrial disciplines. These applications include extrusion processes, wire and fiber coating, polymer processing, food-stuff processing, design of heat exchangers, and chemical processing equipment. The concept of continuous stretching will bring in a unidirectional orientation to the extrudate; consequently the quality of the final product considerably depends on the flow and heat transfer mechanism. To that end, the analysis of momentum and thermal transports within the fluid on a continuously stretching surface is important for gaining some fundamental understanding of such processes. Sakiadis [1] was the first amongst others to initiate such a problem by considering the boundary layer fluid flow over a continuous solid surface moving with constant velocity. The thermal behavior of the problem was studied by Erickson et al. [2] , and experimentally verified by Tsou et al. [3] . Crane [4] extended the work of Sakiadis [1] to the flow caused by an elastic sheet moving in its own plane with a velocity varying linearly with the distance from a fixed point. Also, heat and mass transfer aspects with Newtonian/non-Newtonian fluids are studied by several authors [5] [6] [7] [8] [9] [10] [11] under different physical situations.
All the above studies deal with fluid flows and heat transfer in the absence of a buoyancy force. In many practical situations the material moves in a quiescent fluid due to the fluid flow induced by the motion of the solid material and/or by the thermal buoyancy. Therefore the resulting flow and the thermal field are determined by these two mechanisms, i.e., surface motion and thermal buoyancy. It is well known that the buoyancy force stemming from the heating or cooling of the continuous stretching sheet alters the flow and the thermal fields and thereby the heat transfer characteristics of the manufacturing processes. However, the buoyancy force effects were not considered in the aforementioned studies. Effects of thermal buoyancy on the flow and heat transfer over a stretching sheet were reported by several investigators (see for details [12] [13] [14] [15] [16] [17] [18] [19] [20] ). Combined free and forced convection heat transfer at a stretching sheet with variable temperature and linear velocity was investigated by Vajravelu [12] . Similar analyses were performed numerically by Chen and Strobel [13] , and Moutsoglou and Chen [14] for Newtonian fluids under different physical situations. An analysis has been carried out by Chen [15] for laminar mixed convection in a boundary layer adjacent to a vertical continuously stretching sheet. Hamad et al. [19] discussed the similarity reduction for the free convection flow of a nanofluid past a semi-infinite vertical flat plate in the presence of transverse magnetic field. Recently, Sarkar et al. [20] investigated the buoyancy driven mixed convective flow and heat transfer characteristics of water-based nanofluid past a circular cylinder.
All the above studies deal with only the steady flow. However, in reality the flow and heat transfer problems are unsteady in nature, due to a sudden stretching of the flat sheet or due to the change in the temperature of the sheet. When the surface is impulsively stretched with certain velocity, the inviscid flow is developed instantaneously. However, the flow in the viscous layer near the sheet is developed slowly, and it becomes a fully developed (steady) flow after a certain instant of time. Elbashbeshy and Bazid [21] presented a similarity solution for the boundary layer equations, which describe the unsteady flow and heat transfer over a stretching sheet and were extended by Abd El-Aziz [22] for some physical realistic phenomena. Mukhopadhyay [23] analyzed the effect of variable fluid properties on the unsteady fluid flow and heat transfer over a stretching sheet in the presence of suction. Ishak et al. [24] investigated the unsteady two-dimensional mixed convection boundary layer flow and heat transfer at a vertical stretching sheet. Kousar and Liao [25] presented an analytical solution to the unsteady non-similarity boundary-layer flows caused by an impulsively stretching flat sheet. Also, Rohini et al. [26] studied numerically the unsteady mixed convection flow near the stagnation point on a vertical permeable surface embedded in a fluid-saturated porous medium with suction and temperature slip effect. In all these studies, the thermophysical properties of the fluids were assumed to be constant. However, it is well known that these properties may change with temperature, especially the thermal conductivity. Available literature on variable thermal conductivity [27] [28] [29] [30] [31] shows that the combined effects of variable thermal conductivity and thermal buoyancy has not been investigated for unsteady fluid flow and heat transfer over a porous stretching sheet.
Motivated by these applications, the present study explores the effects of variable thermal conductivity, thermal radiation and the thermal buoyancy on the unsteady fluid flow and heat transfer at a vertical porous stretching sheet. In contrast to the work of Ishak et al. [24] , the effects of variable thermal conductivity and thermal radiation are included here; as this is true in some polymer solutions: Thermal radiation plays a significant role in controlling the heat transfer in the polymer processing industry. The quality of the final product depends to a great extent on the heat controlling factors, and the knowledge of radiative heat transfer in the system can perhaps lead to a desired product with sought qualities. The governing coupled, nonlinear partial differential equations of the flow and heat transfer problem are transformed into non-linear, coupled ordinary differential equations with variable coefficients by using a similarity transformation. These coupled non-linear ordinary differential equations with variable coefficients subject to the appropriate boundary conditions are solved numerically by the Keller-box method for several sets of values of the physical parameters.
Mathematical formulation
Consider the unsteady laminar two-dimensional boundary layer flow of a viscous incompressible fluid past a semiinfinite porous stretching sheet coinciding with the plane y = 0 (Fig. 1) . The Cartesian coordinate system has its origin located at the leading edge of the sheet with the positive x-axis extending along the sheet in the upwards direction, while the y-axis is measured normal to the surface of the sheet and is positive in the direction from the sheet to the fluid. We assume that for time t < 0 the fluid and heat flows are steady. The unsteady fluid and heat flows start at t = 0, the sheet is being stretched with the velocity U w (x, t) along the x-axis, keeping the origin fixed. The temperature of the sheet T w (x, t) is assumed to be a linear function of x. The thermo-physical properties of the sheet and the ambient fluid are assumed to be constant except density variations and the thermal conductivity which are assumed to vary linearly with temperature. Under these assumptions (with the Boussinesq and boundary layer approximations), the governing equations for the convective flow and heat transfer of the viscous fluid (see Refs. [23, 27, [32] [33] [34] ) are:
3) subjected to the boundary conditions
where u and v are the velocity components in the x and y directions, respectively, ν is the kinematic viscosity, g is the acceleration due to gravity, β is the coefficient of thermal expansion, T is the fluid temperature, T ∞ is the ambient temperature, ρ is the density, C p is the specific heat at constant pressure, K (T ) is the variable thermal conductivity, v w (t) = v 0 / √ 1 − ct is the suction/injection velocity and q r is the radiative heat flux. The last term in Eq. (2.2) is due to the buoyancy force. The ''+'' and ''−'' signs refer to the buoyancy assisting and buoyancy opposing flow situations, respectively. Here in this paper the thermal conductivity is assumed to vary linearly with temperature [27] as:
Here, T = (T w − T ∞ ) , T w is the surface temperature, ε is a small parameter known as the variable thermal conductivity parameter, and K ∞ is the thermal conductivity of the fluid far away from the sheet. The radiative heat flux can be expressed (Roseland approximation by Brewster [35] ) as
Here, σ * and k * are respectively, the Stephan-Boltzmann constant and the mean absorption coefficient. We assume that the temperature difference within the flow is such that the term T 4 can be expressed as a linear function of temperature. Hence, expanding T 4 in a Taylor series about T ∞ and neglecting higher-order terms, we obtain
Following Ishak et al. [24] , the stretching velocity is assumed as U w (x, t) = ax/ (1 − ct) where a and c are constants (with a ≥ 0 and c ≥ 0 where ct < 1), and both have dimension t −1 , we have a as the initial stretching rate a/ (1 − ct) and it is increasing with time. In the context of polymer extrusion, the material properties, in particular the elasticity of the extruded sheet may vary with time even though the sheet is being stretched by a constant force. With unsteady stretching, however, a −1 becomes the representative time scale of the resulting unsteady boundary layer problem. We assume the surface temperature T w (x, t) of the stretching sheet to vary with the distance x and an inverse square law for its decrease with time in the following form:
Here b is a constant and has a dimension temperature/length, with b > 0 and b < 0 corresponding to the assisting and opposing flows, respectively, and b = 0 is for the forced convection limit (absence of buoyancy force). These particular forms of U w (x, t) and T w (x, t) have been chosen in order to obtain a new similarity transformation, which transforms the governing partial differential equations (2.1)-(2.3) into a set of coupled ordinary differential equations with variable coefficients. Defining the following dimensionless functions f and θ, and the similarity variable η as
where, ψ (x, y, t) is a stream function defined as (u, v) = (∂ψ/∂y, −∂ψ/∂x) which identically satisfies the mass conservation Eq. (2.1). Substituting (2.9) into (2.2) and (2.4) and making use of (2.2) and (2.7) we obtain
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where a prime denotes differentiation with respect to η, | * | is the determinant, A = C /a is the that unsteady parameter,
. From the definition f w it follows that the suction or injection parameter is used to control the strength and direction of the normal flow at the boundary. Further, λ is a dimensionless constant known as the buoyancy or free convection parameter defined as λ = gβb/a 2 where λ > 0 and λ < 0 correspond to assisting and opposing flows, respectively; while λ = 0 is for the forced convection flow situation. We noticed that in the absence of the unsteady parameter, variable thermal conductivity parameter, and impermeability of the boundary wall, Eqs. (2.10) and (2.11) reduce to those of Vajravelu [8] , while in the absence of the free convection parameter the equations reduce to those of Grubka and Bobba [6] . Further when the thermal radiation and thermal conductivity parameter are absent the equations reduce to those of Ishak et al. [24] . Furthermore, when an unsteady parameter is zero and free convection parameter is zero, Eq. (2.11) has the closed form solution ,
where M(a, b, z) denotes the confluent hypergeometric function and is defined as follows
From the engineering point of view, the important characteristics of the flow are the skin-friction coefficient and the Nusselt number, respectively defined as
where the skin friction τ ω and the heat transfer q w from the sheet are given by τ w = µ  ∂u ∂y
Numerical procedure
The boundary value problem (2.10)-(2.12) is solved by a second order finite difference scheme known as the Keller-box method [36, 37] . The numerical solutions are obtained in four steps as follows:
• Reduce the equations to a system of first order equations; • write the difference equations using central differences;
• linearize the algebraic equations by Newton's method, and write them in matrix-vector form; and • solve the linear system by the block tri-diagonal elimination technique.
The step size η and the position of the edge of the boundary layer η ∞ are to be adjusted for different values of the parameters to maintain accuracy. For numerical calculations, a uniform step size of η = 0.01 is found to be satisfactory and the solutions are obtained with an error tolerance of 10 −6 in all the cases. For brevity, the details of the solution procedure are not presented here.
Results and discussion
By the Keller-box method the numerical results are obtained for several sets of values of the pertinent parameters, namely, the free convection parameter λ, the unsteady parameter A, the variable thermal conductivity parameter ε, the Prandtl number Pr and the thermal radiation parameter Nr for three cases (i) suction, (ii) injection and (iii) impermeable stretching sheet. To assess the accuracy of the computed results, numerical values for the wall temperature gradient are compared with the available results in the literature for the steady case (A = 0) and the resulted presented in Table 1 : The results are found to be in good agreement. Also, to assess the effects of the various parameters on the flow and heat transfer characteristics, the numerical results are presented in Figs. 2-7 and in Table 2 . Table 1 Comparison of some of the values of wall temperature gradient −θ ′ (0) obtained by Grubka and Bobba [6] , Ali [7] and Ishak et al. [24] λ ϵ convection currents (forced convection flow). Also, an increase in the value of λ can lead to an increase in the temperature difference (T w − T ∞ ): This leads to an enhancement of the velocity f ′ (η) due to the enhanced convection currents and thus an increase in the boundary layer thickness. This is true even for different values of the unsteady parameter A. The effect of increasing values of the unsteady parameter A is to decrease the velocity f ′ (η). This is true even with the suction parameter f w . From Fig. 2(a) -(c), it can be seen that the suction reduces the velocity boundary layer thickness whereas the injection has the opposite effect. These results are consistent with the physical situation (see Table 2 ).
The temperature field θ (η) is shown graphically in Fig. 3(a)-(c) for different values f w , the free convection parameter λ and the unsteady parameter A. An increase in the value of free convection parameter λ results in a decrease in the thermal boundary layer thickness and this results in an increase in the magnitude of the wall temperature gradient (see Table 2 ). This in turn produces an increase in the surface heat transfer rate. From Fig. 3(a) it can be noticed that the effect of increasing values of the unsteady parameter A is to decrease the temperature field and hence reduce the thermal boundary layer thickness. In general it is noticed that the effect of the unsteady parameter A on the temperature field is more noticeable than on the velocity field. From Fig. 3 we see that the thermal boundary layer is thicker in the case of suction as compared to the case of impermeability: However, thinner in the case of blowing. The effect of the variable thermal conductivity parameter ε on the temperature field (in the presence/absence of unsteady parameter A for the suction, impermeability and blowing upon the boundary wall cases) are depicted in Fig. 5(a)-(c) . From these figures we can analyze that the temperature distribution is lower throughout the boundary layer in the absence of the variable thermal conductivity parameter ε and increases with the increasing values of the variable thermal conductivity parameter ε. This is due to the fact that the assumption of temperature dependent thermal conductivity implies reduction in the magnitude of the transverse velocity by a quantity ∂ ∂y (k(T )) which can be seen from the energy equation. This is even true for all values of f w and the unsteady parameter A. The effects of thermal radiation parameter Nr on the temperature distribution θ (η) are shown in Fig. 6(a)-(c) for the zero and non-zero values of the unsteady parameter A. The effect of increasing values of the thermal radiation parameter Nr is to increase the temperature distribution in the flow region. From the graphical representation, it is observed that an increase in thermal radiation parameter Nr produces a significant increase in the thickness of the thermal boundary layer of the fluid. This is true even in the presence of the unsteady parameter A.
Numerical results for the skin friction f ′′ (0) and the Nusselt number θ ′ (0) with variations in λ and A for different values of f w are shown in Fig. 7 respectively. It is seen from Fig. 7 (a) that an assisting buoyant flow produces an increase in the skin friction, while an opposing buoyant flow produces the opposite effect. This is because the fluid velocity increases when the buoyancy force increases and hence increases the wall shear stress. This in turn increases the skin friction coefficient and as a consequence increases the heat transfer rate at the surface (see Fig. 7(b) ). The impact of all the physical parameters on the skin friction [−f ηη (0)] and the wall temperature gradient [−θ η (0)] may be analyzed from Table 2 . From Table 2 it can be seen that (as in Fig. 7(a) ) the effect of the free convection parameter λ is to increase the skin friction and decrease the wall temperature gradient. The effect of the Prandtl number Pr is to decrease the wall temperature gradient; while the thermal radiation Nr and the variable thermal conductivity ε is to increase it. This phenomenon is even true in the presence of the unsteady parameter A.
Conclusion
Some of the interesting conclusions are as follows:
(i) It is observed that an increase in the unsteady parameter A is to decrease the thicknesses of the velocity and the thermal boundary layers.
(ii) This behavior is true in the presence of free convection currents λ. Furthermore, the Nusselt number increases with increasing Nr and ε, whereas the opposite is true with increasing A and Pr.
(iii) The thermal boundary layer is thicker in the case of suction as compared to the case of impermeability.
(iv) It is observed that an increase in thermal radiation parameter Nr produces a significant increase in the thickness of the thermal boundary layer of the fluid.
